The Weiss-Lapicque and Lapicque-Blair relations connecting the strength of a stimulation pulse and its duration in order to attain a threshold are examined here in the case of the nonlinear FitzHughNagumo (FHN) model system. The relation parameters can easily be derived and explained by analyzing the dynamical behavior at very short and very long pulse durations. This explanation should hold true for most nonlinear biological systems. It is seen that, for the FHN, both relations provide only approximations (albeit good ones) to the actual strength-duration curve.
Introduction
Most neurons are idle in the absence of input, meaning they do not create action potential (AP) pulses. Under a single current stimulation pulse below a certain level (below threshold), still no response is expected. However, when stimulated above the threshold, neurons emit an AP pulse or a burst of AP pulses. Other threshold mechanisms are abundant in contact electric current influence [1] and cell biology [2] [3] [4] , being of special importance in stimulation of the brain and the heart, e.g. for defibrillation [5] .
The relation between the stimulation current strength, i.e. its amplitude A, and its time duration δ to reach a threshold was proposed by Weiss [6] and by Lapicque [7] in the following hyperbolic form
th rh ch where I rh is called the rheobase or base current, and T , ch called the chronaxie, is the duration for which A th becomes twice the rheobase level. Both authors' approach was basically experimental. It is interesting to recall that Lapicque published an earlier paper [8] (see also the translation of Lapicque's work [9] at its 100th anniversary) in which he derived another theoretical relation based on a capacitor C and a resistor R in series:
th rh /
where I rh and b=RC are parameters. Note that both relations, equations (1) and (2), diverge for d  0.
Blair [10] investigated the threshold mechanism in a similar way to that of [7] , with the result that equation (2) is known nowadays as 'Blair's equation. ' Here we refer to it as either the Lapicque-Blair or the exponential equation. A comparison of the two forms of the stress-duration relation is shown in figure 4.3 of [11] along with a curve based on an extension of a myelinated nerve model developed by McNeal [12] .
There is a dispute, largely in North America, between supporters of either the hyperbolic or the exponential equation, as to which best describes electrostimulation.
These relations, however, are linear, while biological cells behave nonlinearly. The authors assumed that the threshold was (a) external to the electrical model describing the biological phenomenon, and (b) unconnected to the nonlinearity of the latter.
There have been numerous experimental works [13] , as well as some model theoretical [14] [15] [16] works, to measure and calculate the parameters of the equations. Most recent advances in this area of research are directed primarily towards distributed systems such as 1D cables and 2D and 3D excitable media (see for example [17] for the strength duration curve of cardiac tissue). These works, however, refer to rather complex elaborate systems both theoretically and experimentally.
An insight into the basic properties of the parameters of Equations (1) and (2) and their origin is presented in this work by using a simple, manageable nonlinear model which still retains threshold characteristics. The well-known space-independent FitzHugh-Nagumo (FHN) model was chosen here for the following reason:
A threshold line (T-line) is a line in the phase space of a mathematical model which separates two types of behavior. There are two different types of T-lines: a real separatrix (S) and a repelling line (R-type inflector or repeller). The former, S [18] , is a mathematical separation line between trajectories moving away from S in two different directions in such a way that they never cross it. On the other hand, an R-line [19] for excitable systems is usually a very narrow region of phase space, overlapping a line, at which trajectories change their directions in a smooth, albeit abrupt, manner, from moving in one direction to the other. Usually excitability is bounded within a regime in parameter space, beyond which the abrupt change becomes gradually smooth. Since thresholds in biological systems are of the R-type, we only consider an example of such a case. Since the simple FHN model in its excitable regime exhibits an R-type threshold, it was the one chosen here. In a sense this work is a continuation of FitzHugh's own contribution to the strengthduration curve [20, 21] . See also [22] , where a different analytic approach to the same system has been used. The FHN system will also be used to try to resolve the debate about which equation better describes the phenomenon.
Results and discussion
The FHN model is based on the following system of equations:
where, in the neuron case, v is the membrane action potential, while w is an inhibiting variable. a, e  1, and d, are constant parameters and ( ) I t is the stimulating current, which in the present case is a single rectangular pulse of amplitude A and duration δ. Figure 1 (a) represents, in the autonomous version, I(t)=0, the nullcline =  (v 0 , in green) and the 'direct time' trajectories in the phase plane (v, w), obtained with the parameters a=0.12, ε=0.01, d=1, corresponding to an excitable regime. The trajectories converge to the stable focus = = v w 0. Runs under several different parameters, all in the excitable regime (not shown), showed similar results.
The narrow zone R can be numerically determined [23] by drawing trajectories of equation (3) in the autonomous version, running backwards in time from various initial points, broadly spread in the (v, w) phase plane. Such trajectories are shown in figure 1(b) . Following the arrows, they appear to cluster together in a common direction of decreasing both v and w, ultimately shrinking in a tight thread of lines, thus determining the R-line ( figure 1(b) , red). The upper end of this line, marked b, is an approximate point above which trajectories spread out and the R line cannot be defined. By examining figures 1(a) and (b) jointly, it is seen that, below the threshold, i.e., starting at initiation points on the left side of the R-line and moving in positive (direct) times, one gets only small rounded direct time trajectories in the direction of the steady state (0, 0); however, initiating points on the right side of the R-line, above the threshold, induce broadly running, direct time trajectories which reach a maximum value v max above the upper end of the R-line. The width of the repeller R is proportional to e [19] . Equation (3) was numerically solved for a rectangular stimulating pulse of amplitude A and duration
where H is the Heaviside step function. For each d, A was increased until the trajectory 'exactly' passed the threshold, i.e.  v v max which in this case is ∼0.8. The trajectories obeying this criterion are denoted as 'at threshold' trajectories (ATT) and appear in figure 3 . The A values to reach thresholds, A , th appear in Table 1 and in figure 2 (dots) .
A least squares fit (see discussion in section 3 below) of the dots to equation (1) figure 2(a) ). A fit to equation (2) yields R figure 2(b) ).
In order to check the influence of the excitability zone boundary, a chosen value of ε, namely ε=0.015, near the zone boundary was analyzed. The results (figure 2) are seen to be similar, with different least squares fit values.
We now demonstrate how the two parameters of equations (1) and (2) can easily be obtained from the two extreme limits for very small and very large durations of ( ) I t . For very small δ's, the A 's th are very large compared to the rest of the RHS terms of equation (3)
th Therefore, neglecting these terms with respect to A th and integrating up to time δ, the stimulating pulse termination time, yields simply
th Now, since in this short time w has barely changed, e  being 1, the ATT's approach to the threshold (R-line) proceeds almost along the w-axis. To be more specific, consider figure 3, which shows the phase space of the ATT's. It shows, starting from the steady state (v=0, w=0) the movement of the trajectories, when stimulated, towards the R-line for different values of δ: δ=.5, 1, 5, 9, 50 and 70. Under δ1 stimulations (small δ's) the ATT's are seen to lie almost along the v-axis. Therefore, all of them reach the R-line at almost the same point (c in figure 1(b) ), where according to figure 3(b) , v=0.182. Hence, For very large δ's, the trajectories of the FHN reach a w-value where a proper R-line no longer exists (point b and above, figure 1 ) and, for a specific δ, on increasing the A values, move smoothly to the region of large v values. Therefore, the definition of a threshold becomes somewhat arbitrary. Therefore the ATTs here were defined as follows: 1. Define an exact value of v max 2. An ATT is defined as a trajectory reaching a point where precisely = v v max (see e.g. the trajectory for δ=50 in figure 3) . Here we chose
Now, the inflection points on the ATTs, the points where I(t) becomes 0 at t=δ and where the trajectory becomes autonomous (e.g. the inflection point for δ=50 or δ=70 in figure 3(a) ), appear on the ATTs for large δ values, at times later than when v max has occurred. This means that, before reaching v , max the system is 'ignorant' of the time when the stimulation pulse will terminate. Therefore, for these long stimulations, the part of all ATTs, for different δ's (and A's), before they reach v , max must be the same for all routes (for all δ's above a value of ∼30). One can then choose one of those ATTs, say the one for δ=50, to calculate the corresponding A th value which is the I ; rh for the case here we obtain = I 0.015 95 The numerical fit for the exponential case gives A th =0.0138, yielding b=0.182/ 0.0138=13.19, which is almost equal to the value 13.33 obtained numerically. Note however that this value for I rh does not agree with the value in the table, which is 0.015 95 (see discussion below).
Conclusion
We have provided a clear understanding of the Weiss-Lapicque-Blair parameters for a simple nonlinear system. The two basic parameters turn out to be the rheobase, I , rh which is related to the phenomenon occurring when an exact threshold no longer exists at high stimulation duration values, and the 'charge' Q 0 ( ) I b or , rh which comes from integration at very short stimulation durations where trajectories reach the threshold line at approximately the same location. Note that according to Reilly ( figure 3.4 of [24] ) the asymptotic functions of minimum charge and minimum current intersect on the time axis at a constant time, labeled τ e after an 'equivalent membrane time constant'; and in [24] it has already been pointed out that the two important parameters of the curves were, similarly, I rh and t = Q I e r h 0 / and not the chronaxie, which could be less accurately estimated. As a result, the values of the chronaxie as described in traditional neural stimulation literature and based on empirical data can vary, perhaps by a factor of 2, even though the rheobase and minimum charge asymptotes are identical.
Our results show that both the Weiss-Lapicque hyperbolic and the Lapicque-Blair exponential relations are only approximations to the actual strengthduration curve, even for the FHN model. Both approximations however, are very good. Our results clearly show that telling them apart is quite a delicate matter. Indeed, in a regular least-squares comparison, the difference between three figures of nine, or four, present in R 2 , is hardly significant. A similar result has been shown in figure 4.3 of [11] . One has to resort to numerical and/or graphical assistance in order to obtain such a distinction, either by multiplying the A th results by δ and looking for a curvature, or by drawing the graph in a log-log mode. As seen by the latter procedure (figures 2(a) and (b) It appears, therefore, that both relations are adequate approximations for the FHN model and perforce for experimental results, which, besides being nonlinear, are always noisy. Discriminating between the two or deciding which is better seems to be quite unmanageable, if not downright irrelevant.
Although biphasic stimulation is clinically important, it is beyond the scope of this work. Please see an extensive discussion in the Reilly references (pp 133-145 in [11] and pp 85-99 in [24] ). We only want to point out that considering a single pulse, in order to achieve the threshold, is of course easier if the pulse is monophasic one, since (e.g. for the FHN system) the first portion of a biphasic pulse, if positive, drives the system towards the threshold line while the second, negative portion would operate in the reverse direction. Once the first portion on its own has reached the threshold, there are two possibilities depending on the delay period before the second portion. If the delay is short, the second portion may drive the system out of the threshold, and if it is long enough, the second portion would be irrelevant. In either case, this is beyond the scope of the present work.
Note that the FHN system, containing its own 'soft' threshold, is able to treat both the short-duration pulses where, unlike the Weiss-Lapicque-Blair approaches, no external threshold is needed; as well as the long-duration pulses that do not interfere with an internal threshold level. On the other hand, a system including a rigid separatrix line would be inadequate for long durations, since reaching such a threshold would depend on δ.
Since these characteristics are general ones, we expect that other R-type systems should behave in a similar fashion.
